Employing the covariant formalism, we derive the evolution equations for two scalar fields with non-canonical field space metric up to third order in perturbation theory. These equations can be used to derive predictions for local bi-and trispectra of multi-field cosmological models. Our main application is to ekpyrotic models in which the primordial curvature perturbations are generated via the non-minimal entropic mechanism. In these models, nearly scale-invariant entropy perturbations are generated first due to a non-minimal kinetic coupling between two scalar fields, and subsequently these perturbations are converted into curvature perturbations.
I. INTRODUCTION
In order to further our understanding of the beginning of the universe we can learn from at least two main sources; electromagnetic radiation and gravitational waves. So far, all our knowledge is derived from the first, presenting us with a picture of the density distribution in the universe after photons from the surface of last scattering have been emitted. On the one hand, satellites like PLANCK [1] [2] [3] have probed the Cosmic Microwave Background (CMB) radiation to exceedingly great detail. Surveys of the large-scale structure of the universe are quickly catching up, to the point where they might be able to rival the precision of the CMB maps in the near future, as our understanding of structure formation is continuously improving [4] . Further information will come from the detection (or absence) of primordial gravitational waves. In this light, it remains as important as ever to understand the predictions of cosmological models of the early universe.
The most popular theory of the early universe is inflation -see [5] for a review. Simple models of inflation lead to rather clear predictions: the fact that the inflaton must roll down a very flat potential implies that it is approximately a free field. This in turn implies a spectrum of density perturbations that is Gaussian to high accuracy, implying that both the bispectrum and trispectrum are expected to be very small. More complicated models can however be designed, involving multiple fields and/or higher derivative kinetic terms, such that essentially all potential combinations of observations can be matched. One may hope that this uncomfortable fact may be circumvented if additional constraints on model building, arising from the combination with particle physics or eventually quantum gravity, will become available. In the meantime, it is interesting to observe that simple inflationary models also typically predict primordial gravitational waves at observable levels, so that the current non-observation already starts to rule out a number of long-favoured models [2] .
A complicating feature of (most) inflationary models is the process of eternal inflation, by which the universe is turned into a multiverse of infinitely many "pocket universes" with different physical properties. In this way, even a single model of inflation can lead to an infinite number of possible outcomes. Despite many attempts, the process of eternal inflation and the resulting non-predictivity of inflation remain serious open problems of early universe cosmology, and they motivate the investigation of alternative models [6] .
In the present paper we will be interested in ekpyrotic models, which form an alternative to inflation in that they can solve the flatness and horizon problems of the early universe, while also generating primordial density perturbations -see [7] for a review. Moreover, they are not plagued by the runaway behaviour of eternal inflation [8, 9] . However, they also present one big challenge: the ekpyrotic phase is a contracting phase assumed to precede the big bang and in order to obtain a complete model one must be able to explain a bounce linking the contracting phase to the currently expanding phase. Such bounces are not fully understood yet, but this is an active field of research in which significant progress is being made -see for instance [10] [11] [12] [13] [14] [15] . A distinguishing feature of ekpyrotic models is that they do not amplify gravitational waves [16] (except for a small effect at second order in perturbation theory, where the density perturbations act as a source [17] ). For this reason, we are all the more motivated to try to understand the predictions for the primordial density perturbations in great detail. In the present paper, we will therefore calculate the nonGaussian corrections to the primordial density fluctuations, and in particular we will extend our previous treatment of the bispectrum/3-point function [18] to the trispectrum/4-point function.
The precise model we are interested in is the non-minimally coupled entropic mechanism, first proposed by Qiu, Gao and Saridakis [19] , and by Li [20] , and generalised in [21] . Here, nearly scale-invariant entropy perturbations are generated by a field-dependent coupling between two scalar field kinetic terms. Subsequently, these entropy perturbations can then be converted into curvature perturbations. This model was shown in [18] to lead to a vanishing bispectrum during the ekpyrotic phase. Our aim in the present paper is twofold: we would like to understand the predictions of this model for the trispectrum, and investigate the effect of the conversion mechanism on both the bispectrum and trispectrum in detail. Note that, even though the scalar field space is now endowed with a non-trivial metric, the model does not contain higher derivative kinetic terms. For this reason, only the non-Gaussianities of local form are relevant, and these can be calculated from the classical evolution on large scales. Thus, we will first have to develop cosmological perturbation theory up to third order (since we are interested in the trispectum), for the case of a non-trivial field space metric and for models with two scalar fields. This will extend the existing treatment up to second order in perturbation theory of Renaux-Petel and Tasinato [22] , as well as the existing development of third order perturbation theory for trivial field space metrics [23] .
Note that this part of our paper is entirely general, and may be used for applications to any two-field cosmological models with arbitrary field space metrics (i.e. to general two-field non-linear sigma models).
What we find is that the non-minimally coupled ekpyrotic phase also leads to a precisely vanishing trispectrum, but that the conversion process has a crucial impact on the final predictions for the bispectrum and trispectrum of the curvature perturbations. In particular, we find that the conversion process must be very efficient in order for these models to be in agreement with current limits on the bispectrum parameter f N L . Interestingly, such efficient conversions then lead to a non-trivial prediction for the trispectrum non-linearity parameter g N L , which is expected to be negative and of a magnitude of several hundred typically. This is thus an observational signature to look out for in future observations of the cosmic microwave background.
II. COVARIANT FORMALISM AND PERTURBATION THEORY UP TO SECOND ORDER
We will start by reviewing the covariant formalism for cosmological perturbation theory, up to second order in perturbations and for a theory comprising two scalar fields (with non-trivial field space metric). Readers familiar with these results may proceed to the next section, where new results at third order will be presented.
In the present work, we will adopt the 1+3 covariant formalism developed by Langlois and Vernizzi [24] [25] [26] [27] , which was inspired by earlier works of Ellis and Bruni [28, 29] and Hawking [30] . This formalism builds on the insight that in a purely time-dependent background metric (in particular in Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetimes) spatial derivatives of scalar quantities are automatically gauge-invariant. The formalism allows one to derive rather compact all-orders evolution equations for cosmological perturbations, which, with suitable care, may then be expanded up to the desired order in perturbation theory.
We study the cosmological fluctuations of a system of two non-minimally coupled scalar fields, i.e. two scalar fields with a non-trivial field space metric (but minimally coupled to gravity). The action of such systems is of the form
where the indices I, J, K = 1, 2 label the two scalar fields (in our later examples we will also write φ 1 = φ, φ 2 = χ). The field space metric and its inverse can be used to lower and raise field space indices, respectively, e.g. φ I = G IJ φ J . Such actions were studied by
Renaux-Petel and Tasinato [22] up to second order in perturbation theory and, for trivial field space metric G IJ = δ IJ , the formalism was extended to third order by Renaux-Petel and one of us [23] . Considering theories with two scalars fields is conceptually of importance, as two-scalar theories admit both adiabatic/curvature and entropic/isocurvature perturbations.
The extension to having more than two fields is then straightforward, as the presence of additional fields simply augments the number of independent entropic perturbations.
A. Covariant formalism
Let us consider a spacetime, with metric g ab , where a congruence of cosmological observers is defined by an a priori arbitrary unit timelike vector u a = dx a /dτ (with u a u a = −1), where τ denotes the proper time. The spatial projection tensor orthogonal to the four-velocity u a is then given by
To describe the time evolution, we make use of the Lie derivative w.r.t. u a , i.e. the covariant definition of the time derivative. It is defined for a generic covector Y a by (see e.g. [31] )
and will be denoted by a dot, as has been customary in works on the covariant formalism.
For scalar quantities, the covariant time derivative reduces tȯ
To describe perturbations in the covariant approach, we project the covariant derivative orthogonally to the four-velocity u a ; this spatial projection of the covariant derivative will be denoted by D a . For a generic tensor, its definition is
Again, for the case of a scalar, this simplifies,
The covariant derivative of any time-like unit vector field u a can be decomposed uniquely as follows
with the (trace-free and symmetric) shear tensor σ ab and the (antisymmetric) vorticity tensor ω ab . The volume expansion, Θ, is defined by
where the integrated volume expansion, α, along u a ,
can be interpreted as the number of e-folds of evolution of the scale factor measured along the world-line of a cosmological observer with four-velocity u a since Θ/3 corresponds to the local Hubble parameter. The acceleration vector is given by
Finally, it is always possible to decompose the total energy-momentum tensor as
where ρ, p, q a and π ab are the energy density, pressure, momentum and anisotropic stress tensor, respectively, as measured in the frame defined by u a .
B. Two scalar fields with non-trivial field space metric
The energy momentum tensor derived from the action (1) is then
Comparing to the decomposition in (11) one finds for the energy density, pressure, momentum and anisotropic stress, respectively,
The equation of motion for the scalar fields is obtained by varying the action w.r.t. the fields themselves,
where
) and the second equality above makes use of equations (2, (5) (6) (7) (8) (9) (10) .
We introduce the following derivatives of field space vectors in curved coordinates in order to simplify notation. The spacetime derivative, given by
is used to define a time derivative in field space,
and a spatially projected derivative in field space,
We can then rewrite the evolution equation (17) in a more concise form as
In the two-field case it is convenient to introduce a particular basis in field space which consists of an adiabatic and an entropic unit vector. This decomposition was first introduced in [32] for two fields in the linear theory. The generalisation to multiple fields is discussed in [33, 34] for the linear case and in [35] for the nonlinear theory. The adiabatic unit vector, denoted by e I σ , is defined in the direction of the velocity of the two fields, i.e. tangent to the field space trajectory. The entropic unit vector, denoted by e I s , is defined along the direction orthogonal to it (w.r.t. G IJ ), namely
Note that this is only a short-hand notation, i.e.σ is generally not the derivative along u a of a scalar field σ. Furthermore, we introduce the quantityθ to express the time evolution of the basis vectors,
is given by the definition in (19) . Again,θ is not the derivative along u a of an angle θ, although such an angle can be defined for a trivial field space metric [27] .
Making use of the basis (22), we can then introduce two linear combinations of the scalar field gradients and thus define two covectors by analogy with the similar definitions in the linear context [33] : the adiabatic and entropic covectors, denoted by σ a and s a , respectively, and given by
By definition, the entropic covector s a is orthogonal to the four-velocity u a , i.e. u a s a = 0.
By contrast, the adiabatic covector σ a contains a longitudinal component: u a σ a =σ. At any location in spacetime, one may think of σ i as describing perturbations in the total energy density (and thus perturbations in the expansion/contraction history of the universe), and of s i as describing perturbations in the relative contributions of the two scalar fields to the total energy density.
A covariant generalisation of the comoving energy density perturbation is given by the
where σ ⊥ a ≡ e σI D a φ I = σ a +σu a is the spatially projected version of (25) . It has been shown in [27] that if the shear is negligible on large scales, so is a ≈ 0.
Then, in our two-field system, the full evolution equation of the entropy covector s a can be expressed on large scales (i.e. to leading order in spatial gradients) as [22] s a + Θṡ a + V ;ss + 3θ
with
and where
KJ is the Riemann tensor associated with the metric G IJ . An equality valid only on large scales will be denoted by ≈.
It is a well-known result that in cosmological models with a single scalar field the curvature perturbation is conserved on large scales [36] . However, when a second field is present, entropic perturbations may arise and these can source the curvature perturbation on large scales [32] . We will now derive a particularly simple and useful form of the evolution equation for the comoving curvature perturbation on large scales, extending known versions [37] [38] [39] to the case of having a non-trivial field space metric. We will work in comoving gauge and take the background to be described by a flat FLRW metric. On large scales the perturbed metric can be written as
where ζ denotes the comoving curvature perturbation and can be thought of as a local perturbation in the scale factor. We will denote derivatives w.r.t. physical time t with primes. In our model (1) the equation of continuity is given by
with the background (denoted by overbars) satisfyinḡ
On co-moving hypersurfaces the energy density is uniform, ρ =ρ (and hence also H =H because of the Friedmann equation). We then obtain
where δp ≡ p(t, x i ) −p(t). Since, by definition, δρ = 0 on these hypersurfaces, we can immediately relate the pressure perturbation to a perturbation in the potential, δp = −2δV | δρ=0 .
Plugging this relation into equation (33), we obtain a compact expression for the evolution of the comoving curvature perturbation on large scales, writingH = H,
which is valid to all orders in perturbation theory.
In the following subsection, we will introduce a coordinate system. The evolution equations for the entropy perturbation (28) and the comoving curvature perturbation (34) can then be straightforwardly translated into the linearized and second-order perturbation equations, while we derive new results at third order in the following section. For convenience,
we have collected various background as well as first-and second-order expressions that will be used in the rest of this paper in appendix C.
C. Perturbation theory up to second order
We introduce coordinates x µ = (t, x i ) to describe an almost-FLRW spacetime, in order to relate the covariant formalism to the more familiar coordinate based approach. We will denote a partial derivative with respect to the cosmic time t by a prime, i.e. = ∂/∂t, since the dot is already reserved for the Lie derivative (3). Fields are expanded without factorial factors:
Quantities with an over-bar likeX are evaluated on the background, first order quantities like δX (1) solve the linearised equations of motion, second order quantities like δX (2) the quadratic equations, and so on. In the following, we drop the superscript (1) for perturbations at linear order when the meaning is unambiguous. For simplicity we choose u a such that u i = 0. In appendix C we show how u 0 is then determined in terms of metric quantities.
We start by presenting the definitions of the adiabatic and entropic perturbations up to second order. By expanding Eqs. (25) and (26) up to second order, one finds, for σ i and s i respectively,
at linear order and
at second order [22] , with
where the inverse zweibeine are defined via δφ I = e I α δσ α and α = (σ, s). The curved nature of the field space metric manifests itself in the appearance of the terms with Christoffel symbols in δσ (2) and δs (2) . It is convenient to introduce the spatial vector
which vanishes when δs and δs have the same spatial dependence. Since relative spatial gradients are heavily suppressed for super-Hubble modes both in inflationary and in ekpyrotic models, δs and δs indeed obtain the same spatial dependence, i.e. δs = g(t)δs, to high precision.
The gauge transformation of a tensor T generated by a vector field ξ a is given by the exponential map [40] T → e L ξ T .
With the perturbative expansion ξ = n 1 n! ξ (n) , the first and second-order perturbations of a tensor T are then found to transform as [41] δT
Using these relations, it can easily be verified that the entropic perturbations δs (1), (2) are gauge-invariant. The adiabatic perturbations, however, are not gauge-invariant, but they have been defined such that setting them to zero is equivalent to going to comoving gauge, on large scales. This can be seen by expanding the momentum density q i given by (15) , which ought to vanish in comoving gauge:
at linear order, and
at second order. As already mentioned, V i ≈ 0 on large scales for the models we are interested in, and therefore setting the adiabatic perturbations to zero (as a gauge choice) corresponds to adopting comoving gauge on super-Hubble scales.
The equations of motion of the scalar fields were presented as (17) , which for the background can be rewritten asḠ
Substitutingφ J =σ ē J σ and using (24), they read e σI (σ + 3Hσ ) +ē sIσ θ +V ,I = 0.
Multiplying withē I σ andē I s , we obtain the background equations of motion for σ and s, respectively:σ
Expanding the equation of motion for s a (28) to linear order gives
where we have usedΘ
At second order, we get
where we have used V i ≈ 0 on large scales in the second term on the RHS, and δ (2) ≈ 0.
The equation for the entropy perturbation forms a closed system; on large scales, it evolves independently of the adiabatic component.
In comoving gauge, expanding the expression for the curvature perturbation (34) up to second order, we have
where the δσ = 0 statement above the ≈ sign indicates that the equations are valid in comoving gauge. Using equations (C33)-(C34), we obtain
at first order, and
at second order. It becomes clear that the curvature perturbation is sourced by the entropy perturbation.
In the next section, we will derive the corresponding third-order equations, which are needed for the study of the primordial trispectra of cosmological perturbations.
III. DERIVING THE THIRD ORDER EQUATIONS OF MOTION
We are now in a position to present our main technical developments: we use the covariant formalism to derive the third-order evolution equations for the entropy and the curvature perturbations for two scalar fields with a non-trivial field space metric. These equations will then allow us to calculate and make predictions for the trispectrum of current ekpyrotic models.
The covariant formalism has the advantage of allowing one to derive simple all-orders evolution equations for the adiabatic and entropic co-vectors. However, given that the general all-orders definitions of the adiabatic and entropic convectors are rather implicit and formal, in using the covariant formalism to make actual predictions a non-trivial step consists in identifying the proper definitions of adiabatic and entropic fluctuations up to the desired order in perturbation theory. Once these definitions are at hand, it becomes a straightforward exercise to expand the all-orders equations up to the desired order. Thus our first and main task is to find the appropriate definitions of adiabatic and entropic perturbations at third order. Expanding Eq. (26) at third order using Eqs. (C19) and (C21), one obtains
where we have defined
Using the transformation of the third-order perturbations of a tensor T, given by [41] 
one can show that the entropy perturbation as defined in (58) 
i ). This improved definition is motivated by our considerations of ekpyrotic models in section IV, as we will further discuss there. Moreover, in appendix B we will present additional arguments that the term that we are adding to the definition of the entropic perturbation is the only sensible one 1 . Apart from this small modification, the present definition now also includes terms due to the curvature of field space.
On large scales, our new definition leads to an extremely simple relationship between the covector δs (3) i and the entropic perturbation δs (3) : in comoving gauge we have
where we have simplified the last term due to the symmetry in the vielbeine.
The adiabatic perturbation δσ is not a gauge-invariant variable, so there is more freedom in choosing a definition. Expanding Eq. (25) using Eqs. (C13) and (C15), we obtain
We have defined the natural generalisation of the third order non-local term V i as
which again vanishes when the total entropy perturbation δs = δs (1) + δs (2) factorizes in terms of its time and spatial dependence, i.e. δs = g(t)δs. We can neglect it as such differences in spatial gradients are heavily suppressed on large scales in both inflationary and ekpyrotic models. For δσ = δσ (2) 
One may check that this is a useful definition of the adiabatic perturbation by expanding the momentum density (15) to third order and verifying that it vanishes on large scales, 
where we have used V i ≈ 0 and V On large scales, the evolution of the curvature perturbation at third order is given by expanding (34) and using (C33)-(C35), leading to
It is the third-order counterpart of equations (55) and (56) and shows how the adiabatic/curvature perturbations are sourced by entropic perturbations. As is apparent from the first line, once the potential V becomes irrelevant, ζ is conserved on large scales. This is for instance the case in the approach to the bounce in ekpyrotic models.
IV. EKPYROTIC EXAMPLES
A. The non-minimally coupled ekpyrotic model
The evolution equations derived in the previous section (III) can be applied to any inflationary or ekpyrotic model described by two scalar fields with a non-trivial field space metric and a potential. In this paper we are chiefly interested in the "non-minimal entropic mechanism", which is a mechanism for generating ekpyrotic density perturbations. It was first proposed by Qiu, Gao and Saridakis [19] as well as by Li [20] , and further developed and generalised in [18, 21] . The model contains two scalar fields: φ is assumed to have an ordinary kinetic term and a steep negative potential -thus φ drives the ekpyrotic contracting phase. A second scalar, χ, is non-minimally coupled to φ such that in the ekpyrotic background it obtains nearly scale-invariant perturbations. Compared to the standard entropic mechanism, the model has the advantage that it does not require an unstable potential to generate nearly scale-invariant perturbations. In fact, in this model the potential need not depend on the second scalar χ at all during the ekpyrotic phase. The entropic mechanism consists of a two-stage process: first nearly scale-invariant, Gaussian entropy perturbations are produced during the ekpyrotic phase, which are then converted into curvature perturbations in the subsequent kinetic phase by a bending in the field space trajectory. We will assume that the conversion process also occurs during the contracting phase of the universe.
To complete the model, one may then consider both a prescription for initial conditions [42] [43] [44] [45] and a non-singular bounce into the current expanding phase of the universe -see for instance [10, 11, 13, 14] for a discussion of non-singular bounces and [46, 47] for the proof that the perturbations generated during the contracting phase pass through such non-singular bounces unharmed.
As just described, we will consider the case where the second scalar field χ is coupled to the first scalar φ by a function Ω(φ) 2 , i.e. the field space metric and its inverse are given by
In a FLRW universe, the background equations of motion derived from the action (1) are
In the next subsection, in order to obtain the non-Gaussianity parameters we solve for the entropy and curvature perturbations, first analytically during the ekpyrotic phase, and then numerically for the conversion phase. Simplifications brought about by our choice of field space metric G IJ are detailed in appendix D.
B. The ekpyrotic phase
During the ekpyrotic phase, the potential is a function of φ alone, V = V (φ), and hence 
where t is negative and runs from large negative towards small negative values. The fast-roll parameter ≡φ 2 /(2H 2 ) is directly related to the equation of state w = 2 /3 − 1 and for a successful ekpyrotic phase where the universe becomes flat and anisotropies are suppressed we need > 3. It has been shown in [21] that for any ekpyrotic equation of state it is possible to choose the potential and the kinetic coupling such that nearly scale-invariant entropy perturbations are produced.
We will now turn our attention to the perturbations, first reviewing the results at linear and second order. During the ekpyrotic phase, the curvature perturbations obtain a blue spectrum [49] and moreover they are not amplified [50, 51] , such that we do not need to discuss them. More interesting are the entropic perturbations. In the constant χ background the entropic direction in field space is precisely the χ direction.
The specification of comoving gauge, δσ (1) = δσ (2) = 0, translates directly to
at linear order from (36), and
at second order from (40) . With the definitions of the entropy perturbation at linear and quadratic order from equations (37) and (41),
and
the evolution equations for the entropy perturbation simplify significantly: at linear order, starting from (51) we obtain
which rewritten in terms of δχ and making use of the background equation for φ (69) becomes
It is immediately clear that δχ = 0 is a solution during the ekpyrotic phase 2 . This further simplifies our definitions; the second order perturbation in the first scalar field (74) vanishes,
It is straightforward then to show that during the ekpyrotic phase, the equation of motion for the entropy perturbation at second order, given by (53) , takes the same form as the first order one, namely
There arises no source term for the second-order entropy perturbation δs (2) , and we have the trivial solution
generating no intrinsic non-Gaussianity for the entropy perturbations. By contrast, the entropy perturbations develop significant local non-Gaussian corrections in the standard entropic mechanism already during the ekpyrotic phase, due to the χ-dependence of the potential [23, 38, 39, [52] [53] [54] [55] .
Having solved for the entropy perturbation, we can use equations (55) and (56) to obtain the evolution equation for the curvature perturbation at linear and quadratic order, respectively, as [18] 
noting thatθ | ekp = 0, and
where the last equality follows from (78). Thus, during the ekpyrotic phase, no second-order curvature perturbation is generated, f N L integrated = 0 [18] . This becomes clear once one realises that the linearised solution, given by δχ = constant, behaves analogously to the background.
We can now apply our new results to extend this discussion to third order. During the ekpyrotic phase and with the field space metric given in (68) the equation of motion (66) at 2 The solution at linear order is non-zero (δχ (1) = constant) due to the quantization and associated amplification of the perturbations.
third order simplifies to
allowing the solution
Like at second order, no intrinsic non-Gaussianity for the entropy perturbations is generated at third order for this class of models. Note that if we had not added the gauge-invariant term is preferable to the older definition of [23] , both on physical and aesthetic grounds.
The curvature perturbation at third order can be calculated by noting that during the ekpyrotic phase,V ,χ =θ = 0, and hence
which simplifies to
in comoving gauge. From equation (65), we have that during the ekpyrotic phase (in comoving gauge on large scales)
Thus there is no source for the curvature perturbation during the ekpyrotic phase,
and at third order also the comoving curvature perturbation remains zero during the ekpyrotic phase, i.e. we have g N L integrated = 0.
In summary, we find that the ekpyrotic phase produces no local non-Gaussianity at allat least up to third order in perturbation theory -both for the entropy and the curvature fluctuations. As we will now see, the conversion process of entropy into curvature fluctuations will change this result appreciably.
C. The conversion phase
After the ekpyrotic phase has come to an end, during the subsequent kinetic phase the conversion from entropy to curvature perturbations is achieved by a bending in the field space trajectory. This bending occurs naturally in the heterotic M-theory embedding of the ekpyrotic/cyclic model [48, [56] [57] [58] , though other origins of such a bending may of course also be envisaged. The bending of the scalar field space trajectory can be modelled by having a repulsive potential (given a specific realisation of the cyclic model in heterotic M-theory, this repulsive potential can in principle be calculated [58] ). Here, in order to be general, we consider four different representative forms for the repulsive potential, namely
with r = 0, 1 and where the dependence of the potential on
expresses the fact that the repulsive potential forms an angle (here chosen to be π/6) with respect to the background trajectory.
One of the important parameters is the duration of the conversion process. We measure it by the number of e-folds N of the evolution of |aH| during conversion. That is, one e-fold of conversion corresponds to a (t conv-end ) = e·a (t conv-beg ). In our numerical studies we determine N by determining the number of e-folds during which 90 percent of the total bending takes place, i.e. we require t conv-end t conv-begθ dt/ t kin-end t kin-begθ dt = 0.9. Conversions lasting about one e-fold correspond to what we call smooth conversions, while shorter conversions are sharper. We find that the results depend very significantly on the smoothness of conversion.
As previously argued in [18] , in the non-minimal entropic mechanism the local bispectrum produced during the conversion process is small when the conversion is efficient (which corresponds to the conversion being smooth [54] ). However, it is rather non-trivial to obtain such an efficient conversion process. This becomes clear when we analyse the equation of motion for χ given in (70), where the potential is now the repulsive potential modelling the conversion. Even small changes along the background trajectory (along σ ∼ φ) lead to an enormous factor Ω −2 ∼ e φ multiplying the now non-zero χ-derivative of the potential. This causes the background trajectory to be sharply deflected leading to an extremely inefficient conversion. So whenever the scalar curvature, given by
is significant, the conversion is highly inefficient. This has the consequence of leading to a small amplitude for the curvature perturbations, and large non-Gaussianities in clear contradiction with observations. What this means is that the field space metric, taken to be Ω = e −bφ/2 during the ekpyrotic phase, has to become flatter again during the conversion process. Thus, in the same way as the potential turns off after the end of the ekpyrotic phase, the field space metric must progressively return to being trivial.
Linearly decaying field space curvature
Motivated by the previous discussion, we want to analyse cases where the field space metric returns to being trivial during the conversion process, after the end of the ekpyrotic phase. We will first concentrate on the case where the Ricci scalar of the field space decays linearly with time. This can be modelled by a kinetic coupling function of the form
where I 0 is a modified Bessel function of the first kind. This has the nice property that the scalar curvature (91) has a constant slope R and decays linearly, as seen in figure 1(c).
We have plotted Ω in figure 1(b) in the region of the conversion, and figure 1(a) shows the bending of the trajectory for a typical smooth conversion lasting one e-fold. perturbation are defined in appendix A.) There are two obvious trends: the smoother, and thus the longer and more efficient, the conversion process is, the smaller the non-Gaussianity.
And the closer the field space metric is to trivial, again the smaller in magnitude are the non-linearity parameters f N L and g N L . Note that for smoother conversions, the dependence on the slope R is much weaker, and hence, to some extent, the predictions converge for pulsive potential (while specialising to smooth conversions lasting one e-fold), as shown in Fig. 3 . Note that the two potentials V 1 and V 2 with r = 0, colour-coded in blue and green, respectively, give nearly identical predictions.
Asymptotically flat field space metric
In order to check the robustness of our results, we will now consider a different functional form of the metric, namely we will consider the case where a trivial metric is approached exponentially fast (in field space), 
D. Comparison to the minimally coupled entropic mechanism
It may be interesting to compare these results to those obtained via the older, minimally coupled entropic mechanism [59] [60] [61] . In that case, the kinetic terms of the scalar fields are canonical, but one assumes a potential that is unstable in the entropic direction. During the ekpyrotic phase, the potential is usefully written as
where κ 3 and κ 4 are important for the bispectrum and trispectrum, respectively. In these models, and in contrast to the non-minimal entropic mechanism, a substantial part of the total non-Gaussianity can already arise during the ekpyrotic phase. This can be seen by solving the equation of motion (66) for the entropy perturbation during the ekpyrotic phase.
Expanding to leading order in 1/ , for large , we have as the initial conditions for the start of the conversion phase
Notice the different numerical factor in the term proportional to compared to [23] due to the change in the definition of the third order entropy perturbation. As is clear from this expression, there is typically already a significant non-Gaussian component to the entropy perturbation prior to the phase of conversion. What is more, some of this conversion already occurs during the ekpyrotic phase, where the comoving curvature obeys the evolution
Using (A6), this leads to 
In order to calculate the contribution from the additional conversion process due to the subsequent bending of the scalar field trajectory, we have solved and integrated the equations of motion (66) and (67) numerically, using the expression (95) as the initial condition for the entropy perturbation.
The minimal case was analysed in [23] in some detail. There it was shown that the range of predicted values for the non-Gaussianity parameters narrows drastically as the conversion process becomes smoother, just as we have found here. Specialising to conversions lasting one e-fold, we have reproduced the results of [23] : Fig. 7 shows the expected values of f N L as a function of κ 3 and those of g N L as a function of κ 4 (this time assuming κ 3 = 0). As already discussed in [62] , one can obtain a bispectrum in agreement with observations by assuming that the potential is (nearly) symmetric, which corresponds to |κ 3 | 1. In this case, the trispectrum remains negative and of O(10 3 ). Thus we see that if we restrict to symmetric potentials, the minimally coupled entropic mechanism leads to similar predictions for the non-Gaussianity parameters f N L and g N L as the non-minimally coupled model considered in the present paper, though g N L is typically up to an order of magnitude larger in the minimally coupled case due to the significant intrinsic contribution represented by the very last (κ 3,4 -independent, but -dependent) term in (95).
V. DISCUSSION
In this paper, we have adopted the covariant formalism to derive exact evolution equations for nonlinear perturbations, in a universe dominated by two scalar fields with a non-trivial field space metric. We have then expanded the equations of motion for the entropy fluctuation (66) and the comoving curvature perturbation (67) up to third order in perturbation theory. These equations constitute our main technical result from which the non-linearity parameters for the observed density perturbations can be deduced.
We applied the equations to ekpyrotic models in which the primordial curvature perturbations are generated via the non-minimal entropic mechanism. In these models, in a two-stage process nearly scale-invariant entropy perturbations are generated first due to the non-minimal kinetic coupling between two scalar fields. Subsequently, these perturbations are converted into curvature perturbations by a bending in the field space trajectory. Solving the equations of motion analytically during the ekpyrotic phase we find vanishing bi-and trispectra for the entropy perturbations. However, this property is significantly modified during the conversion process to curvature perturbations.
Indeed, what we find is that the efficiency of the conversion process is crucial: inefficient conversions would lead to curvature perturbations with a small amplitude and very large and wildly varying non-Gaussianities. On the other hand, for efficient conversions the results converge and lead to the following predictions (which we compare to the current observational bounds [3] ):
Non-minimal entropic mechanism Observational bounds
Here, for completeness, we have added the prediction for the running of the spectral index
that is expected in these models [63] . Note the highly interesting prediction that all three observables ought to actually be observable in the near future. Also, an important feature is that f N L may be small, but g N L is typically not simultaneously close to zero as well, and in fact there is a clear correlation between all observables, as both the running and g N L are expected to be negative and significant. As in all currently known ekpyrotic models, one would not expect to see any primordial gravitational waves. Thus the present model has the potential to be refuted or supported by observations with significant levels of confidence.
As a final comment, let us return to the issue of the efficiency of conversion and model building. As we saw, the kinetic coupling between the two scalar fields has to return to trivial after the ekpyrotic phase, in much the same way as the potential has to turn off.
One may wonder whether such a feature could arise in a plausible manner from the point of view of fundamental physics. A more complete answer to this question will of course have to await further developments in fundamental physics, and especially in quantum gravity, but we would like to exhibit one example where such a feature is indeed seen. This comes from considering supergravity coupled to scalar fields with higher-derivative kinetic terms [64, 65] . In this class of models, the higher-derivative terms add corrections to both the ordinary kinetic terms and the potential of the theory, even when the higher-derivative terms are not significant dynamically. More precisely, in these theories the bossing contribution is of the form
where A is a complex scalar field (or may be thought of as two real scalars, just as in the theories considered here), while F is a complex auxiliary field and K is the Käher potential, which is just a function of A and A . The value of the auxiliary field depends on the superpotential -crucially, F is small when the superpotential is small. Now keeping in mind that the expression above is a correction term to the usual kinetic terms, we see that when the superpotential becomes unimportant, then the potential in the theory turns off but so does the correction to the kinetic term F F ∂A · ∂A . This is exactly what would be required for the conversion process in the class of models we have analysed in the present work. It would certainly be interesting to see whether a more complete embedding in supergravity can be realised. This is a topic we will leave for future work.
Appendix A: Local non-linearity parameters
The observable that is relevant for comparison with observations is the comoving curva-
to observations of the power spectrum, P (k 1 ), defined by the 2-point correlation function,
Similarly, quadratic and cubic corrections to these perturbations are related to observations of the 3-and 4-point functions, respectively. For an exactly Gaussian probability distribution all information is contained in the 2-point correlation function. In particular this implies that for odd n, all n-point functions are zero, while for even n the n-point functions can be written as products of 2-point functions. The bispectrum, i.e. the 3-point correlation function, is defined as
The connected part of the 4-point function which is not already captured by the product of two 2-point functions is given by the trispectrum,
The δ-functions result from momentum conservation, while B and T are shape functions for a closed triangle and a quadrangle, respectively.
In momentum space, B is then parameterised by the shape function f N L , via
T describes two different shape functions parameterised by τ N L and g N L , see e.g. [66] for additional details. These are defined by
For the local types of non-Gaussianity that are relevant for the models we consider, the parameters f N L and g N L can also be related to the (real space) expansion of the curvature perturbation on uniform energy density surfaces in terms of its Gaussian component ζ L , via
which is related to the Bardeen space-space metric perturbation
Φ L during the era of matter domination. For models in which the density perturbations originate from the dynamics of a single field (as in our case, where the origin of the perturbations is originally solely from the entropy field) τ N L is directly related to the square of f N L -explicitly we have
In order to obtain the non-Gaussianity parameters we first have to solve the equation of motion for δs up to third order in perturbation theory. This allows us to integrate the equation of motion for ζ , also at the first three orders in perturbation theory. We then obtain the local non-linearity parameters by evaluating 
where we have used V i ≈ 0 and V 
where we used δs (2) = 0 as well as δs = −σ Ω −1 Ω ,φ δs. However, the third order entropy perturbation, given by
contains a δs 3 -term acting as a source in the equation of motion, while δχ 
where we leave A, B, C, D arbitrary for now. During the ekpyrotic phase, δs = −σ Ω −1 Ω ,φ δs, and hence we need
It is immediately clear that we can set A = 0. The derivative of the term T added to the definition of δs (3) has to be subtracted off δs (3) i , giving the following contribution to the entropic equation of motion at third order:
In order to satisfy equation ( Metric: On large scales where spatial gradients can be neglected, the metric can be written as
where 3) , and ψ = ψ (1) + ψ (2) + ψ (3) up to third order.
Thus, the 00-component of the inverse metric is given by
from which we can deduce
Moreover, for simplicity we choose u a such that u i = 0, and on large scales we can show
at second order. The perturbation in the scalar field at third order in comoving gauge is given by
Field space metric: Explicitely, we have (using equations (C4) and (C6))
at second order.
Riemann tensor:
The Riemann tensor with all indices downstairs is given bȳ
where the Christoffel symbol with all indices downstairs is defined as
Vielbeine: Expanding the σ-vielbein, e 
and with field space index lowered
3 This includes the term T = 1 6σ 2 δsδs 2 from the new defintion of δs (3) .
At second order we have
In order to obtain the s-vielbeine we note that 
where the last expression is valid on large scales and in comoving gauge and where we have used the expressions for A (1) and A (2) given in (C31) and (C32), respectively.
We can then compute the perturbation expansion inσ =σ (0) + δσ (1) + δσ (2) + . . . :
at zeroth order,
2σ (0) = δσ −θ δs −σ A 
at quadratic order.
Metric perturbations A (1) and A (2) : To determine A (1) and A (2) we make use of the fact that on large scales the comoving energy density perturbation is zero, δ ≈ 0. Moreover, in comoving gauge, it simplifies to δρ:
The comoving energy density is given by (13) , and can be expanded up to second order:
∴ δρ (2) ≈ − 2σ θ δs 
where we have neglected spatial gradients.
At linear order, we thus have
and at second order 
δV ;ss | ekp = δV
;ss | ekp = 0, (D31) 
